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Abstract 

We determine the second cohomology group of the homological 
Goldman Lie algebra for an oriented surface. 

1 Introduction 

By a surface, we mean an oriented compact connected two-dimensional smooth 
manifold with boundary. The first homology group of a surface and its in- 
tersection form reflect the topological structure of the surface. For example, 
they have information about the genus and the boundary components of the 
surface. 

To study them in details, we consider a Lie algebra coming from them. We 
call it the homological Goldman Lie algebra of the first homology group of the 
surface. Goldman introduced the Lie algebra for study of the moduli space 
of G'Li(R)-flat bundles over the surface [T]p.295-p.297. More precisely, the 
homological Goldman Lie algebra is the subalgebra of all Fourier polynomials 
in the Poisson algebra on the moduli space if the surface is closed. Moreover, 
Goldman introduced more complicated Lie algebra coming from free loops 
and the local intersection number, which is called the Goldman Lie algebra. 
We have a surjective homomorphism from the Goldman Lie algebra onto the 
homological Goldman Lie algebra. Thus, the Lie algebras are interesting in 
a geometrical context. 

The homological Goldman Lie algebra is interesting in not only a geomet- 
rical context but also an algebraic context because it is infinite dimensional 



and we can define this algebra only from algebraic information. The propose 
of this paper is to study the algebraic structure of the homological Goldman 
Lie algebra. In preceding paper [3], we determined the ideals of the homo- 
logical Goldman Lie algebra. Moreover, the algebra is a graded Lie algebra 
and the grading induces a grading of an ideal of the homological Goldman 
Lie algebra. We determine the second cohomology groups of the homological 
Goldman Lie algebra and its derived Lie subalgebra. The cohomology of a Lie 
algebra q over a commutative ring R is the graded cohomology group of the 
cochain complex C*{q) = C*{q; R), where we denote by C^{q) the i?- vector 
space of alternating p-multilinear forms on g, for example see p]p.592. 

Let H he a Z- module, i.e., an abelian group, and {—,—) : H x H ^ 1^, 
{x, y) I—)- (x, y) , an alternating Z-bilinear form. For example, we consider H 
the first homology group, and (— , — ) the intersection form on if of a surface. 
We define a Z-linear map ^ : H ^ Homz(if, Z) by fi{x){y) = {x,y). Denote 
by QH the Q- vector space with basis the set H; 



where [—]: H ^ QH is the embedding as basis. We remark c[x] ^ [cx] G QH 
if c 7^ 1. For x,y E H, we define a bracket [-, -] : QH x QH QH by 
[[x], [y]] := {x,y)[x + y]. It is easy to see that this bracket is skew and 
satisfies the Jacobi identity [I]p.295-p.297. The Lie algebra {QH, [—, —]) is 
called the homological Goldman Lie algebra of{H, (— , — )). We have obtained 
H^{QH) = HomQ(QkeryU, Q) by [3]. Our main theorem in the present paper 
is 

Theorem 1.1. We have a natural Q-linear isomorphism 



if {—, — ) is non- degenerate. 

For example, the intersection form (— , — ) on the first homology group 
is non-degenerate if the surface is closed. Hence, we have the isomorphism 
Homz(i/i(S;Z),Q) = H^{QHi{E;Z)) if the surface S is closed. In this 
paper, we obtain the result also in the case (— , — ) is degenerate. 




Romz{H,Q) ^ H^iQH) 
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2 Derived algebra of some subalgebra 



Let S he a subset of H. Then we define S^^^ := {u + v G H \ u,v G S, {u,v) ^ 
0}. For example, we have 

H^^^ = H\ ker/i. 

In fact, assume x E H'^^K Then there exist u and v E H with {u,v) ^ and 
X = u + V. Since {x,v) = {u,v) ^ 0, we have x E H \ ker/i . Conversely, 
assume x E H \ ker/i. Then there exists y E H with (x, y) ^ 0. Since 

(x — y,y) = {x, y) ^ and x = {x — y) + y, we have x E H^^\ 

Propositon 2.1. QS is a subalgebra of QH if and only if S^^^ C S. Then, 
(Q^)« = [Q5,Q5]=Q(5W). 

Proof. Assume QS is a subalgebra of QH. For a; G S''-^^ there exist u and 
G S* with X = u+v and {u, v) ^ 0. We have [x] = j^[[u], [v]] E [QS, QS] C 

QS. Hence, we have xeS. This proves S^^'> C S and Q{S^^'^) C [Q5,QS]. 

Assume S"*^^^ C S. It is trivial QS' is a subspace of QH as Q-vector space. 
For u and f G 5, we have 

ry r^ii= / 0, if{u,v) = 0, 

In both cases we have [[u], [v]] E Q{S^^^) C QS. Hence, QS is a subalgebra 
of Q//. And this shows [QS, QS] C Q(S(i)). □ 

The inclusion Qif^^) Qi^ induces the restriction p^^'>'P : CP(Qif) 
(:7P(Qi7(i)). On the other hand, we can decompose QH into the center and 
the derived subalgebra, QH = Qkei h(BQH^^\ See [3]. The projection QH 
QH^^'> of the decomposition induces the zero extension e^^'^'^ : C^i^QH^^^) — >■ 
CP{QH). The maps p^^'> = ip^^^'P)^^^ and e^^^ = {e^^^'P)^^^ are cochain maps 
and p(i) oe(i) = id. Then, the restriction HP{p^^^) : Hp{QS) Hp^QS^-^^) is 
a surjective Q-linear map. 



3 Decomposition of the cohomology 

Let 5* be a subset of H with S^^^ C S. For p > and z E H, we define the 
subspace Cp{QS)(^,) of Cp(Q5) by 

cm),., := . cms) I "'•■^:'(f„,^;".'.;[„j,-':''o^ ^} . 
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The subspace C*{QS)(^z) is a subcomplcx of the cochain complex C*{QS), 
that is, we have d{CP{QS)^^)) C Cp+\QS)(^^) for all p > 0. In fact, for 
CO e CP{QS)(z) and mi, • • • , Up+i e 5* with mi H h Wp+i 7^ ^, 

duj{[ui\ • • • , [wp+i]) 

= 5Z (-iy'^^i^({Ui.Uj)[Ui + Uj], [Ui], ■■■ , [Ui], ■■■ , [Uj], ■■■ , [Up+i]) 

l<i<j<p+l 

= 

since u G C^(Q5')(2) and + uj) + ui + ■ ■ ■ Ui + ■ ■ ■ + uj + • • • + Up+i 7^ 
Define the restriction pj*^) : ^^(Q^) ^ (:7J'(Q5)(;,) by 



• • • , K]), 1*1 H hiip = 2;, 

0, Ul-\ \-Upy^ Z. 



We can define the decomposition map (f : Cp{QS) Uz&h C''i^S){z), by 
= n.effP(.)- We define the gluing map 7^' : H.^/f (Q>5)(,) ^ Cf(Q//) 

by 

The maps = (p^'^))^!, 7 = (7^)^i and p = (p^)^i are well-defined and 
cochain maps. Moreover, 7 is the inverse of p. Hence, we have Z^IQS) = 
n.eHZnQS)^,), B^iQS) - U.eHBmSh) and if^QS) - U.eHHmS)iz), 
where we define (Q5)(,) := Zp{C*{QS)^,)), Bp{QS)^,) := Bp{C*{QS)(,)) 
and //nQ'5)(,) := HP{C*iQS\,)). 

We call HP{QS)(^z) inner component if 2; e kerp, and an outer compo- 
nent if ^ e H^^\ 



4 Inner component 

In this section, we fix an element z G ker/x. 

We define the subspace C'f(Qif)(^) of Cp{QH)^^) by the following con- 
dition; u G C'^'(Q//)(2) if and only if the map HP'^ = H x ■■■ x H 3 
{ui, ■■■ , Up-i) ^ uj{[ui\, ■■■ , [up^i], [z - ui - ■■■ - Wp-i]) G Q is a multi- 
linear map. 

Propositon 4.1. We have d{CP{QH)(^2)) — 0. In particular, the subspace 
CP{QH)(^z) is a subcomplex of the cochain complex C*{QH)(^z), o.T^d we have 
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Proof. For ui e C'^(Qi?)(2) and i^i, • • • , lip+i G H with + • — h Wp+i = 

c^^(H,-- - ,K],K+i]) 

l<i<j<p 

P 

+ ^{-lf^P^^{Uk,Up+i)ljj{{Uk + Mp+l], • • • K], • • • , K]) 

fc=l 

l<i<j<p 

+ Kl' • • • ' M' • • • ' N' • • • > K]> N + ""p+iD 

l<i<;?<p 

p p 

k=i e=i 
= • • • , [wj], • • • , [up], [uj + Mp+i]) 

l<i<j<p 

+ XI • • • ' N' • • • ' Kl' N + iip+i]) 

l<i<j <p 
p p 

+ ^^{-'^)''^H'^k,Ui)uj{[Ui], ■ ■ ■ , [Wfc], ■ ■ ■ , [Wp], [Uk + Mp+l]) 
fe=l €=1 

= {-iy-'^{Ui, Uj)uj{[ui], ■■■ , [Uj], ■■■ ,[Up], [Uj + Up+i]) 

l<i<j<p 

+ Y {-'i-y{Ui,Uj)uj([ui\, ■■■ , [Ui], ■■■ , [Up], [Ui + Up+i]) 

l<i<j<p 

l<i<j<p 
l<i<j<p 

= 0. 

□ 

Propositon 4.2. We have a natural isomorphism 

}iomz{AP-'H/Zz,Q) ^ CP{QH)^,) 

as Q-vector spaces. 
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Proof. The isomorphism is given by the equation 

■ ■ ■ , Up-i) = Uj{[ui], ■ ■ ■ , [Up-i], [Z-Ui Up-i]) (1) 

for / e Romz{AP-^H/Zz, Q) and co E Cp{QH)(^^). For / G RomziAP'^ H/Zz, Q), 

we define u G C^{QH)(^z) by the equation ([1]). This is well-defined. In fact, 
for Ml, • • • ,Up E H with Mi + • • • + = 

^(Np]' K], ■ ■ ■ , [Up-l], [Ui]) = f{Up, M2, ■ ■ ■ , Up^l) 

p-1 

= f{z, M2, ■ ■ ■ , Up~i) - ■ ■ , Mp_i) 

i=l 

= -f{Ul, ■ ■ ■ ,Up-i) 

= ■ ■ ■ , [Up-i], [Up]). 

Conversely, for u G Cp{QH)(^,), we define / G B.omz{AP-^H/Zz,Q) by the 
equation ([T]). This is also well-defined. In fact, for U2, - ■ ■ G H, 

f{z,U2,---,Up-l) = [M2], ■ ■ ■ , [-M2 

= -U;([-M2 Mp_i], [M2], ■ ■ ■ , [Wp-l], [2]) 

p-1 

= X]^^(N> K], ■ ■ ■ , [Wp-l], [z - Ui]) 
i=2 

= 0. 

This proves the proposition. □ 
Therefore, we have the inclusion 

: Homz(AP-^/7/Z^,Q) = HP{C*{QH)(^,^) ^ H^'{QH)(^,y 

We consider the composition H^{p(^z) ° P*-"*^^) ° 'y'^- The map H^{p(^z) ° P*-"*^^) ° V'^ 
is injective if and only if Cp{QH)(,) n (p(^) o p(i)'P)-i(SP(Qi7(i))(^)) = 0. 

Theorem 4.3. The maps H'^{p{^z) op^^^) o^'^ and ip^ are injective if H^^^ 7^ 0. 

Proof Choose and fix xo G if^. Take w G C\QH)(^,)r]{p^^'>'^)-\B\QH^^^)^,)). 
Then, there exists r] G CHQiJ(^))(^) with (p(^) op(i)'2)(a;) = dr]. For x G H^^\ 
we have 

w([a;], [z-a;]) = p(^)op(^)'2(a;)([a;], [z-x]) = ^//([x], [z-x]) = -{x, z-x)t]{[z]) = 0. 
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For X e ker//, we have 

uj{[x\, [z - x\) = uj{[x + Xo], [z - X - Xo]) - u}{[xo], [z - Xo]) = 0. 

Hence, we obtain u = 0. 

The injectivity of (p"^ follows immediately from that of H'^{p(^z) o o 
V\ □ 

Theorem 4.4. The map 

H\p^,) o o . Rom^AP-'H/Zz, Q) ^ H\QH^'^)^,) 

is surjective. 

To prove this theorem, we prepare some lemmas. 

Lemma 4.5 (Key lemma). Ifxi,--- ,Xn € H^^^ = if \ ker/x, there exists 
z & H satisfying the condition {xi, z) ^ 0, - • ■ and (a;„, z) ^ 0. 

Proof. We prove this by induction on n. 

It is clear in the case n = 1. Consider the case n > 1. Take u & H 
satisfying the condition (xj, 2;) 7^ for i = 1, ■ ■ ■ , n — 1. If {x^ u) ^ 0, there 
is nothing to do. Suppose not. We can choose v G H such that {xn,v) 7^ 0, 
since Xn ^ ker/x. We shall prove that 

z :^u+ {l + \{xi,u)\^ h I {xn-i, u)\)v 

is a desired one. We have 

{Xn,z) = (1 + \ {XI,U) \ H h \ {Xn-l,u)\){Xn,v) 0. 

For k <n, {xk, z) = {xk, u) 7^ if (x^, v) = 0. 
If not, (xfc, z) 7^ 0, because 

\{Xk,z)\ > (1 + \{Xl,u)\^ h \{Xn-uu)\)\{Xk,v)\ - \{Xk,u)\ > 0. 

□ 

Take cu G Z^{QH) U Z2(Qij(i)), and define the function / by f{x) = 
a;([a;], [2; — x]). We study the property of the function. 

Lemma 4.6. For all x and y e H^^^ with x + y & H^^\ we have f{x + y) — 
f{x) + f{y). 
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Proof. In the case {x, y) ^ 0, the lemma holds since 

= du{[x],[y],[z - X - y]) 

= {x, y){-uj{[x + y],[z-x- y]) + u{[y], [z - y]) + u{[x], [z - x])) 
= {x,y){-f{x + y) + f{x) + f{y)). 

Suppose {x,y) = 0. By Lemma B75| we can choose u G H^^^ with {x,u) ^ 0, 
(y, m) 7^ and (x + y,u) ^ 0. 

f{x + y) = f{x + y + u)- f{u) = fix) + fiy + u) - f{u) = fix) + f{y) 

since {x + y,u) ^ 0, (x, y + u) = {x,u) and {y, u) ^ 0. This proves the 
lemma. □ 

Lemma 4.7. For x G H'^^'> and c G Z \ 0, we have f{cx) = cf{x) . 

Proof. By Lemma I4.6[ it is sufficient to show when c = —1. By Lemma I4.5[ 
we can choose y E H with {x,y) ^ 0. We have f{y) = /(— x) + f{y + x) 
and fiy + x) = f{x) + f{y) by Lemma I4.6[ Hence, we have /(— x) = 

f[y)-f{y + x) = -f{x). □ 

Define the map F : H^^'^ x keryU — )■ Q by -F(x, f ) = /(x + f ) — /(x). 
Lemma 4.8. T/ie majj F satisfies the following conditions. 

1. F is independent of the variable x G H^^\ 

2. F is a Z-linear map in the variable v G ker/x. 

3. F{x, z) = 

Proof. For x and y G H^^^ and f G ker/i, 

F(x,t;)-F(y,t;) = /(x + t;) - /(x) - /(y + t;) + /(y) 

/(x + ?/ + f ) — /(x + ?/ + f ), if X + y G H^^\ 
f{x -y) - f{x -y), iix-yeH^^\ 
= 0. 

Hence, the map F is independent of x G H^^\ 
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For X E H^^^ and v and w G ker/x, 

F{x,v + w) = F{2x,v + w) 

= f{2x + v + w) - f{2x) 

= f{x + v) + f{x + w)-2f{x) 

= ifix + v)-fix)) + ifix + w)-fix)) 

= F{x, v) + F{x, w). 

Hence, the map F is Z-linear map in f G ker/x. 

For X G H'^^\ 

F{x,z) = F{x - z,z) = f{x) - f{x - z) = f{x) + f{z - x) 
= u{[x],[z - x]) + u{[z - x],[x]) = 0. 



□ 



Proof of Theorem\4;^ If H^^^ = 0, we have i/2(Q^(i))^^^ ^ H^{QH^^^) = 
since QH^^^ = 0. Hence the theorem is trivial 

Next, we assume H^^^ ^ and take Xq G H^^\ We can define the inverse 
t/j : H\QH^''>)^,) ^ Homz(if/Zz,Q) by 



^([a;])(x) := 



f /(x), ifxGi/(^\ 
(^F(xo,a;), if x G ker/i. 



where /(x) = a;([x], [z — x]) and F(xo,x) = /(xq + x) — /(xq). This is 
well-defined. In fact, we have B^{QH'^^^)(^) = smce 

drj{[x], [z — x]) = — a;((x, z — x) [z]) = 0. 

We prove ^/'([a;]) G Hom2(if/Zz, Q), or equivalently the linearity of ?/;([a;]). 
For X and y G ker//, we have 

^/^([w])(x + ?/) = F(xo,x + ?/) = F(xo,x) + F(xo,2/) = ^/'([w])(x) 

For X and ?/ G H^^^ with x + y G if , we have 

^{[u;]){x + y) = fix + y) = /(x) + /(y) = ^(M)(x) + 

For X and y G if*-^-* with x + y E ker/x, we have 

7/'([c<;])(x + y) = F{xo,x + y) = F{-y,x + y) = f{x) - f{-y) 
= f{x) + f{y)=ij{[u]){x) + ij{[cu]){y). 
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For X E H^^^ and y E ker/x, 

i>{[u]){x + y) = f{x + y) = f{x) + F{x,y) 

= fix) + Fixo, y) = H[co]){x) + nu]){y). 

Moreover we have 

^{[uj]){z) = F{xo,z) = 0. 

Thus we obtain '?/'([co']) E }ioraz(H/Zz, Q). Finally, we check {H'^{p(^z) ° P^^^) ° 
y,2) o ^ = id. For oj E Z2(Qiy(i)), 

H\pi.) o p(^)) o o ^{[uj]) = o = ^\f) = [to]. 

This completes the proof of Theorem 14.41 □ 

We remark this ijj is the inverse of H'^{p[z) ° P^^^) ° when H^^^ ^ 0. By 
Theorem 14.31 and Theorem 14.41 we have the isomorphism 

if 7^ 0. Moreover, since the above lemmas hold when uj E Z'^{QH) and 
Theorem 14.31 holds for (f"^ , we have the isomorphism 

if ^ 0. 

5 Outer component 

Propositon 5.1. // H^^^{QH){z) = for z E H^^\ then the restriction 
HP{p(^'>) : HP{QH)(^z) i/P(Qi/(^))(^) is mjective for z E H^^\ 

Proof. Assume uj E Zp{QH)^z) satisfies u {qhw^ Bp{QH'^^'>)(^z)- Then there 
exists 7] E CP-\QH^^^) with 

^ \qhw = drj. We denote by L the Lie derivative 
and by i the inner product. For v E kerp, we have 

= L{[v])cu = {do i{[v]) + i{[v]) o d){uj) = d{i{[v])iu)) 

since [v] E ^{QH), the center of QH. Hence, there exists rj^ E Cp^'^{QH)(^z-v) 
with i{[v]){co) = drj^ since Hp-\QH) (^z-v) = 0. Define C,; e C\QH)^.,) by 
C„([w]) = 1. We get C„ A riy E CP-\QH)(^zy Remark dCv = since [v] E 
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^{QH). The sum Xl^eker^ Cv/\Vv is well-defined. In fact, C^Ar]^{[ui], ■■■ , [up-i]) 
for Ml, ■ ■ ■ , Mp_i e H if V ^ Ui for i = 1, - ■ ■ ,p-l. Thus, X)^6ker/i C^^ ^ Vv is 
a finite sum for any tii, • • • , Up-i G i?. We have 

d{Yl ^ ^ XI ^ ~ ^ ^'^^) ^ ~ XI ^ ^(H)(^)- 

Here we have 

(C.Ai(H)H)(H,--- ,K]) 

[wi], ■ ■ ■ , [ui], ■ ■ • , [wp]) = • • • , [up]), 

if there exists unique i with Ui — v, 
0, otherwise. 

Hence 

C^; A rjy){[ui], ■■■ , [up]) = -#{^1 I Ui e ker//}a;([iii], • • • , [up]). 
Define ^ G Cp-\QH)(^,) by 

^([Ul],-- - ,[Mp-l]) 

/^([-ui], • • • , [up-i]), if Mi e H^^^ for i = 1, ■ ■ ■ ,p-l, 

. #{^,|:;6ker;.} (E^eker^ A 7^^) ( [Mi] , • • • , ) , OthcrwisC. 

It is easy to check 9 e C^~^(Qif)(2) and dO — u. Hence, the proposition 
holds. □ 

Theorem 5.2. For p =1,2 and z e H^^\ we have H^{Q_H)(^z) — and 

Proof. It suffices to show Hp(QH)(^z) = since the restriction {p'^^'>) (^z) '■ 
HP{QH)^z) HP{QH^^'>)(^z) is surjective. Take and fix y e H^^'> with {y, z) ^ 
0. Let C^{QH)^z) = 0. Define the maps $p : Cp{QH)^z) ^ Cp-^{QH)^z) by 
$1 = 0, = - y]) and 

+:^7^^([2i/]> [«i - 2/], K - y]) 



We can check dP~^ o^p + ^p+^ odP — idcv^qn) ■ Hence, the theorem holds. □ 
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Remark 5.3. We have already constructed $^ and $^ in a similar ways. As 
a corollary, we have Hp{QH)(^^) = and i^P(QiJ(^))(^) = for p = 3 and 
p = 4. We will discuss the detail elsewhere. 

Combining the Theorem 15.21 with the results the section HJ we have the 
natural isomorphism 



if H^^^ 7^ 0. In particular, when (— , — ) is non-degenerate, that is, ker/x = 0, 
we have the natural isomorphism 



This holds also when H = 0. 

6 The subalgebra ker(Qi/ ^Q^H) 

Define the Q-linear map a : QH — )• Q (g) by Ci{J2^^i = J2^=i ® 

Let Q be kera. 

Propositon 6.1. The subspace g is a subalgebra of QH . 

Proof. Take X and Y E q. We represent X = Y = X]j=i ^jlVj] 

with ^™ ]^ Cj = and J2]=i ® Vj — 0- extend the alternating 
Z-bilinear form {—,—) '■ H x H Zto the alternating Q-bilinear form 
■■ (Q^ H) X {Q(g) H) ^Q®Z^Q with (x,?/) = l®y)Q 
for X and y E H. We have [X, F] G because 




(2) 



m 



n 



a([X,y]) 



a 



(Xl 5Z ^^^j + ^j]) 



m 



n 




i=l j=l 



m 



n 



n 



m 



y^(Q ® Xi, ^ rfj (g) yj)Q (g) Xi + Q (g) Xi, dj (g) t/j)Q (g) yj 




□ 
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Propositon 6.2. The restriction H'^{QH) — i- H'^{g) is injective if {—, — ) is 
non- degenerate. 

Proof. We have the isomorphism (p : }lomj^{H,Q) — > H'^{QH) in since 
(— , — ) is non-degenerate. Take u G Z^{QH) with [u y = and let 
= /. It is enough to show /(x) = for x G \ 0. 
We may assume a;([M], [f]) = if u + v ^ because H'^{QH)(^z) = for 
z G H^^^ = H\0. By [u |g] = 0, there exists 1] G C^{q) with u |g= dr]. Then 
we have 

= -ri(0) = -ri([[2x]-2[x],[-2x]-2[-x]]) 
= dri{[2x] - 2[x], [-2x] - 2[-x]) 
= w Ig ([2x] - 2[x], [-2x] - 2[-x]) 

= uj{[2x], [-2x]) - 2uj{[xl [-2x]) - 2uj{[2x], [-x]) + 4:Uj{[x], [-x]) 
= /(2x)+4/(x) = 6/(x). 

Hence the proposition holds. □ 
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